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A technique has been developed to measure the instantaneous shear stress at  the 
boundary over which a liquid is flowing. It is being used to study turbulence in 
the immediate vicinity of a pipe wall. A reaction is conducted on an electrode 
mounted flush with a solid wall at  high enough voltages to reduce the concentra- 
tion of the reacting species to zero at  the surface. Under these conditions, the rate 
of reaction is controlled by the rate of mass transfer. The electrode is analogous 
to a constant-temperature hot-wire anemometer in that the surface concentra- 
tion is kept constant and the current flowing in the circuit is related to the surface 
shear stress. For fully developed turbulence the limiting velocity intensity, based 
on the local average velocity, is 0.32. Some of the velocity fluctuations are as 
large as the local average velocity and their distribution is nearly symmetric 
about the average. The ratio of the longitudinal to circumferential scale is about 
30 : 1, because the circumferential scale is very small. There is some indication 
that close to a wall the velocity fluctuations in the circumferential direction are 
much smaller than the longitudinal fluctuations. 

1. Introduction 
Measurements of time-averaged velocities for turbulent flow over a solid 

boundary have shown a region close to the wall, known as the viscous sub-layer, 
in which the transfer of momentum by turbulent velocity fluctuations is negligible 
compared with transfer by molecular viscosity. Studies of temperature profiles 
and concentration profiles have indicated that the portion of the flow field in 
which turbulent transport of heat or mass is negligible (the diffusion sub-layer) 
depends on the relative magnitudes of the kinematic viscosity to  the molecular 
diffusivities of heat or mass; that is, the Prandtl number or the Schmidt number. 
For large Prandtl number or large Schmidt number the diffusion sub-layer is much 
smaller than the viscous sub-layer and the unsteady flow in the viscous sub-layer 
must be taken into account in order to predict rates of heat and mass transfer. 

Although the turbulent transfer of momentum may be neglected in the viscous 
sub-layer the magnitude of the velocity fluctuations is quite large compared with 
the local average velocity. It is of considerable importance to have detailed 
measurements of the fluctuating flow in the immediate vicinity of a wall. Such 
studies would not only yield a better understanding of turbulent transport but 
would also be helpful in determining the structure of turbulent shear flow. Yet 



200 James E. iMitchell and Thomas J .  Hanratty 

it  is quite difficult to obtain this information, owing to the smallness of the 
viscous sub-layer. 

Reiss & Hanratty (1962, 1963) have estimated the velocities in the region 
y+ < 0.5 using a diffusion-controlled electrode mounted flush with the wall. This 
technique has advantages over visual studies in that it yields quantitative 
information more easily. It has advantages over the hot-wire anemometer in that 
it introduces no disturbances and yields measurements of the velocity field much 
closer to the wall. 

The electrochemical technique used by Reiss & Hanratty is analogous to the 
constant-temperature hot-wire anemometer in that the concentration of the 
diffusing species is constant at the electrode surface and the current is propor- 
tional to the rate of mass transfer to the electrode. These mass-transfer measure- 
ments are related to the velocity gradient at the wall in which the electrode is 
contained. The problems involved in defining this relation are similar to those 
encountered in relating hot-wire anemometer measurements to the fluctuating 
velocity field. One is concerned about non-uniform flow across the probe and 
about the response of the instrument to fluctuations in the velocity field. The 
electrode exhibits an effect similar to that associated with the heat capacity of 
the hot wire in that the concentration boundary layer over the electrode surface 
causes a response which is not in phase with the velocity fluctuations. Reiss & 
Hanratty used circular electrodes. This choice of geometry did not allow for the 
examination of the effect of electrode width and the effect of the time response 
independently. Furthermore, because of the large centre-to-centre distance 
between adjacent circles, the electrodes could not be used to measure the circum- 
ferential correlation coefficients accurately enough to correct for non-uniform 
flow. The work of Reiss & Hanratty has been extended in a recent study by 
Mitchell (1965), and the relation between mass-transfer measurements a i d  the 
velocity field has been defined more accurately. By using electrodes with a 
rectangular shape the orientation, the length and the width of the probes 
could be selected independently. The freedom of orientation allows the use of 
electrodes placed a t  45" to the flow for the measurement of circumferential 
velocity components and ones at  90" for the longitudinal components. The 
separation distances between probes were reduced to small enough values that 
correlation data in the circumferential direction could be taken and a reliable 
correction for non-uniform flow could be achieved. Variation of the width of 
several electrodes made it possible to verify this correction by a set of inde- 
pendent measurements. Mitchell obtained a solution for the time response of the 
concentration boundary layer by a direct numerical method. It has been found 
that the approximate solution used by Reiss & Hanratty over estimated the 
effect by a large amount. Measurements of the velocity intensities with several 
electrodes of different lengths made it possible to check this calculation. 

This paper has been written to summarize results of the studies carried out in 
this laboratory by Mitchell and Reiss & Hanratty. It has two purposes. First, it  
shows how electrochemical techniques can be used to measure the time-averaged 
and the fluctuating wall shear stress. Secondly, it presents new measurements of 
the properties of turbulent shear flow in the immediate vicinity of a wall. 
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2. Application of electrochemical techniques to measure the wall 
shear stress 

The test electrode is part of an electrochemical cell made up of an aqueous 
solution of potassium ferri- and ferrocyanide and nickel electrodes. This reaction 
has been used by Eisenberg, Tobias & Wilke (1954) for the measurement of 
average mass-transfer rates from rotating cylinders, and by Gordon & Tobias 
(1963) for the measurement of diffusion coefficients for the ferricyanide ion. The 
electrolyte is pumped through a flow loop where portions of the pipe wall serve 
as electrodes. The measuring electrodes are enclosed in the wall of a l in.  I.D. 

‘Lucite’ pipe. The test section is preceded by a straight length of pipe of 180 pipe 
diameters to ensure that the flow is fully developed. The anode is a U-bend 
made of nickel pipe located downstream of the test section. The electrolyte has a 
composition of 0.01 molar potassium ferricyanide, 0.01 molar potassium 
ferrocyanide, and 2 molar sodium hydroxide. The sodium hydroxide acts as a 
low-resistance vehicle for current flow throughout all of the cell except very 
near the electrodes. The following reactions occur a t  the surfaces of the electrodes : 

cathode (test electrode) Fe(CN),3- + e z Pe(CN),4-; 

anode (reference electrode) Fe(CN),4- e Fe(CN),3- + e. 

If these are the only reactions occurring in the system then the current flowing 
I is related to rate of reaction of ferricyanide per unit area of test electrode N : 

N = ( I / A F )  (1 - T), 

where A is the area of the test electrode, P is Paraday’s constant, and T is the 
transference number. Owing to the large concentration of sodium hydroxide 
relative to ferricyanide the transference number is approximately 0.001 and can 
be neglected. Since oxygen reacts cathodically at a voltage near that used in the 
experiments, the solution is purged of dissolved oxygen and the experiment is 
conducted under an atmosphere of nitrogen. Because of the corrosive nature of 
the electrolyte, precautions had to be taken in selecting the materials of construc- 
tion for the flow loop. 

A mass-transfer coefficient K can be defined as 

where c b  is the bulk concentration of the ferricyanide ion and C,,, is the concentra- 
tion at  the surface of the electrode. Since the area of the reference electrode is 
much larger than the area of the test electrode C, is much smaller on the test 
electrode. The current increases with the voltage across the electrodes until a t  
high enough voltages there is no further increase. Under these conditions C, is 
essentially zero at the test electrode and the current flowing through the circuit 
is controlled by the rate of mass transfer to test electrode. The current will then 
vary directly as K ,  which depends on the velocity field in the vicinity of the test 
electrode. In the experiments reported in this paper the thickness of the concen- 
tration boundary layer was less than y+ = 0.5 and therefore the measured values 
of K reflect the properties of the velocity field for yf < 0.5. The concentration 
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boundary layer is thin because the Schmidt number is very high (approximately 
2300). Owing to the thinness of the region over which the velocity field is sampled, 
a mathematical model can be constructed which assumes the velocity normal to 
the surface is zero and the velocity in the plane of the surface equals the product 
of the wall velocity gradient and the distance from the wall. Consequently, the 
technique yields measurements of the steady and fluctuating shear stresses at 
the wall. 

3. Electrode design 
The test electrodes were constructed by inserting circular wires or nickel sheet 

through the wall and gluing them in place. The protruding metal was smoothed 
flush with the pipe wall by hand-sanding with progressively finer grades of emery 

FIGURE 1. Electrode configuration for various measurements. (a)  Longitudinal velocity 
intensity. ( b )  Circumferential correlation coefficients. (c) Longitudinal correlation coeffi- 
cient. (d )  Circumferential velocity intensity. 

paper and finally by buflCing with tissue paper. Three sizes of nickel wire were 
used, 14, 22 and 26B and S gauges. The rectangular electrodes had lengths L 
which varied from 0.003 to 0.021 in. and widths W which varied from 0.020 to 
0.062 in. 

As has been shown by Reiss & Hanratty (1963), the circular electrodes are 
sensitive to velocity fluctuations in the direction of mean flow. By making the 
width ten times larger than the length, the rectangular electrodes are sensitive 
to velocity fluctuations perpendicular to the width dimension (Mitchell 1965). 

Different configurations that were used with the rectangular electrodes are 
shown in figure 1. Average mass-transfer rates, root-mean-square values of the 
fluctuations, spectral density functions and amplitude distribution functions 
were measured from electrodes which were oriented like the one shown in 
figure 1 (a) .  Circumferential correlation coefficients were measured from the con- 
figuration shown in figure 1 (b ) ,  for which the minimum centre-to-centre distances 
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between the electrodes were 0.009 in., the electrode widths were 0.003 in., and the 
lengths were 0-03 in. Longitudinal correlation coefficients were determined from 
the configuration shown in figure l ( c ) .  The smallest spacing between the 
electrodes in this group was 0.05in. The electrodes were very carefully aligned 
perpendicular to a line along the axis of the pipe. Fluctuating velocity com- 
ponents in the transverse direction were measured by the method described by 
Hinze (1959) from electrodes oriented like those in figure 1 (d). 

4. Correction for non-uniform flow 
It is desirable to make the electrodes small compared with the scale of the 

disturbances so that local values of the fluctuating flow can be measured. Since 
this turns out to be quite difficult to acomplish in the system being studied, 
a correction for non-uniform flow is needed. Measurements of correlation coefi- 
cients in the longitudinal and circumferential directions have indicated that the 
flow over the electrodes used for this study was uniform in the flow direction and 
non-uniform in the circumferential direction. Thus, for the rectangular electrodes 
the intensity of the fluctuations in the local mass-transfer coefficient @ can be 
related to the measured average intensity over the electrode surface (k)2 by 

where R is the circumferential correlation coefficient. For circular electrodes 

where a is the radius of the circle, z is the distance from the centre of the circle to 
a longitudinal strip of width dz ,  and g = zi - xi. Equations (3) and (4), along with 
measured values of the circumferential correlation, were used to correct the 
measured intensity for non-uniform flow. 

5. Relation of mass transfer measurements to the velocity field 
The measured mass-transfer rates can be related to the velocity field after 

certain simplifying assumptions, which are justified because of the thinness of 
the concentration boundary layer, have been made. For sufficiently large values 
of WIL the velocity component along the electrode width does not affect the mass 
transfer. Define x as a co-ordinate axis perpendicular to W ,  and y as the co- 
ordinate axis perpendicular to the electrode surface. Let U and V be the velocities 
in the x- and y-directions. The flow will be assumed uniform over the electrode 
surface, with the consequence that U and V are functions of t  and y but not of 
x or z. For very thin concentration boundary layers the curvature of the wall can 
be neglected and the mass balance for the ferricyanide ion is 

ac ac ac a w  
at ax ay ay2 
--+ U -+ V - = D--.  



204 

The boundary conditions will be taken as 
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c = C(x,y,t) ,  C(x,O,t) = 0 (0 < x < L),  (6a, b )  

(6c) C(x, co, t )  = C(0, y, t )  = Cb. 

The axial diffusion has been neglected in (5) and (6) because the diffusion coeffi- 
cient of the ferricyanide ions in the electrolyte is very small. Ling (1962) has 
studied the effects of the axial diffusion terms and has concluded that they may 
be neglected when 

where X is the velocity gradient. The electrodes used in this study satisfied this 
criterion for all Reynolds numbers at which data were taken. 

Equations (5) and (6) would be applicable for the circular electrode with x 
being the direction of mean flow (Reiss & Hanratty 1963). 

The velocities and the concentration are expressed as the sum of steady and 
fluctuating components, 

sL2/D> 5000, (7)  

u = u+u, v = v + v ,  c = c + c .  ( 8 )  

For fully developed flow v is zero. Since the region affecting the mass transfer is 
y f  < 0-5 and since for y+ < 5 the average velocity is a linear function of y, is 
given by 

where the velocity gradient f l  can be related to the friction velocity and the 
kinematic viscosity by 

In the immediate vicinity of the wall the fluctuating velocity field can be 
represented by 

where s is the fluctuation in the velocity gradient at the wall. It will be assumed 
that the concentration boundary layer is so thin that (1 1) is a good approxima- 
tion to the velocity field and that v may be neglected. 

Making use of the above assumptions the following equations describe the 
average and fluctuating concentration fields if second-order terms in the fluctu- 
ating quantities are neglected: 

B = s y ,  (9) 

(10) s = U*Z/V. 
- 

(111, (12) u = s ( t , x )y ,  v = - (aSpx)ty, 

aCpx = D a261ay2, (13) 

(14% b)  C(0,y) = C(x, co) = c,, C(x,0) = 0 (0 < x < L), 

The solution of (13) and (14) is 

where 



A study of turbulence at a wail 205 

Values of the integral in (17) are tabulated by Abramowitz (1951). The average 
mass transfer over the electrode surface is given as 

Equation (19) shows how the average velocity gradient at the wall may be 
calculated from average mass-transfer measurements. 

The solution of (15) and (16) for the general time-dependent case can be 
obtained by treating the concentration boundary layer like a linear element 
which responds to fluctuations introduced by the shear stress through (15). The 
shear stress and the concentrations are assumed to exhibit harmonic oscillations 
about their means. Thus, if 

s = Bexp (i27rnt), c = Bexp (i2nnt), (20)Y (21) 
where $ is taken as real and B may be real or complex, are introduced into (15) the 
following is obtained 

- a2 aC a22 
ax ax ay2-  

iZnnE+Sy-++y- = D- 

It is desired to evaluate from (22) the mass-transfer amplitude given as 

( E )  = 6) dx. 
W 

(23) 

It has been observed that fluctuations of interest are of low frequency. There- 
fore, it is convenient to express the real and imaginary parts of i? in the following 

(24) 
power series : 

(25) 

2, = 8Ro + 2nnc^Rl f ( 27rn)26Ra + . . 
BI = BIo + 27rnB11 + (27rn)2B1a + . . . . 

By substituting (24) and (25) into (22) the following equation for ERo is obtained : 

Similarly the differential equation for E I o  is 

Since eI0 is zero at the wall and at y = 00, the only solution which is permitted is 
BIo  = 0. The solution of (26) is called the quasi-steady solution valid in the limit 
as n-t 0. It is given by the expressions 

ER0 = s(aC/aS), or tE0 = 4YaCIay. (2% (29) 

Z8 = +(S/X) K .  (30) 

The mass-transfer amplitude corresponding to this quasi-steady solution is 
- -  

In  obtaining a solution valid at higher frequencies it is fist noted that the odd 
terms in (24) and the even terms in (25) will equal zero 
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Reiss & Hanratty (1963) truncated the above series as follows: 
c A h  = cRo+i2nncA11, 

to obtain A2 = 1 f 1 2 / L :  = 1 + (2nn)2(fH1/f,2). (33) 

However, the addition of another term yields 

The truncation used by Reiss & Hanratty did not completely specify the n2 term 
and this resulted in an over estimation of the capacitance effect of the concentra- 
tion boundary layer. From dimensional reasoning it can be shown that 

A2 = 1 +f[(27rnL8)/(B+S%)]. (35) 

A solution of (22) has been obtained by direct numerical integration. The 
following expression, valid for small values of [(2nnLQ)/(D@9], was obtained 
from this calculation: 

The velocity intensity is calculated from the mass-transfer intensity and the 
spectral distribution function of the mass-transfer fluctuations W, by 

Equations (19), (36) and (37) relating the velocity field to mass-transfer 
measurements depend on the neglect of second-order terms in the fluctuating 
quantities. The error which arises from this assumption can be checked by a 
method similar to the one outlined by Hinze (1959) for the hot-wire anemometer. 
For this purpose the mass-transfer rate is approximated by the quasi-steady 
value given by 

where S = B + s. Upon expanding Sg by the binomial series 

K = O S S ~ ,  (38) 

By subtracting the time average of (39) from (39), taking the mean square and 
assuming the s fluctuations are Gaussian, there results 

Equation (40) indicates that for velocity intensities less than 0.5 the error in 
using a linear model is less than 3 yo. 

6. Description of the experiments 
Detailed descriptions of the experiments and of the techniques are presented 

in theses by Reiss (1962) and by Mitchell (1965) and in publications by Reiss & 
Hanratty, (1962, 1963). Therefore, only some of the recent developments which 
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are not described in the papers by Reiss & Hanratty will be outlined here. These 
include techniques for fabricating the rectangular electrodes and improvements 
in the electrical equipment used to analyse the signals. 

The rectangular electrodes were made by sandwiching a piece of soft nickel 
sheet between two brass plates and sawing slots into the assembly with a slitting 
saw in a horizontal milling machine. The sandwich of the brass plates was used 
to hold the nickel in place during sawing and to protect the edges of the electrodes 
from being crimped by the saw. Each slot formed the boundary of an electrode. 
The quality of the electrodes made by this technique depended upon the ability 
of the brass plates to keep the nickel from moving during the sawing. Con- 
sequently, one side of each plate was surfaced with a fly-cutter milling tool on 
a vertical milling machine. This operation was done very carefully, even to the 
point of removing stresses from the brass plates by holding them to the mill table 
with double-sided tape instead of a mechanical device. 

Electrolytic cell ,/-. 
\ 
\ 

Feedback 

\.- ' 
- 

I 

/ On-Off 

- 
FIGURE 2. Circuit diagram of the electrical system. 

The nickel was held between the machined surfaces of the brass plates and the 
three layers were fastened to the table of a horizontal milling machine. A bracket 
with the middle portion open so that the saw could contact the material held the 
assembly in place. The'kin.  thick slitting saw first contacted the upper surface 
of the outer plate. A slot was started which was about 2 in. long but which did not 
extend to either end of the brass. Several progressively deeper cuts were made 
until the slot extended down through the upper brass plate and the nickel sheet. 
The saw was then extracted from the material and the mill table was moved so 
that another slot parallel to the first could be cut. The distance between adjacent 
slots determined the width of the electrode. The thickness of the nickel sheet 
determined its length. 

Electrodes for the circumferential correlation measurements had to be built 
into a plastic supporting grid in order to obtain the necessary structural rigidity. 
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The separation distance was determined by the plastic structure, which presented 
excellent electrical insulation. 

The electrical equipment used for earlier studies obtained the current fluctua- 
tions by measuring the voltage drop over a resistor in series with the cell. The 
resistor caused small voltage fluctuations to be present on the cathode of the cell. 
The electrical system shown in figure 2 is a t  present being used in order to keep 
the cathode voltage constant. The active element in the circuit is a Honeywell 
Accudata I11 wide band amplifier operated in the open loop mode. A six-volt 
storage battery supplies a constant d.c. voltage which is attenuated across a 
100 C2 potentiometer. The potentiometer slide-wire is connected to the positive 
input and to the chassis ground of the amplifier. The cell cathode is connected 
to the negative input and a feedback resistor (lOOkS2 to 1Ma)  is connected 
between the negative input and the output of the amplifier. The current which 
flows through the electrode is measured as an I R  drop across the feedback 
resistor at the output terminal. The amplifier displays a very low impedance 
across its input terminals resulting in voltage fluctuations on the probe of a very 
low level. Average I R  drops from 3.0 to 8.0V were obtained from this system 
without additional amplification. 

The R.M.S voltage measurements, the spectral density measurements, and the 
correlation-coefficient determinations were performed on a Boonshaft and Fuchs 
Inc. Model 71 1 CL analyser. The amplitude distribution function was measured 
using a Beckman Model 7360 Universal Eput Counter and Timer. 

7. Results 
The use of average mass-transfer measurements to obtain B can be checked by 

comparing measured values of E with those calculated from (19). By a 
momentum balance for fully developed flow the velocity gradient a t  the wall can 
be calculated as 

where U, is the bulk averaged velocity. Friction factors calculated from pressure- 
drop measurements agreed with the Blasius equation, 

B = ugf fav  (41) 

f = 0-079 Re-2. (42) 

Reiss & Hanratty (1963) found good agreement with circular electrodes over 
a variation of of about four orders of magnitude. A test of (19) for rectangular 
electrodes is shown in figure 3. At Reynolds numbers less than 20,000 the data 
are higher than predicted. The disagreement appears to result from the smaller 
lengths used for the rectangular electrodes. All of the circular electrodes had 
L / d  ratios that were greater than 0.015. This effect of length might be explained 
by molecular diffusion in the longitudinal direction, which was neglected in 
deriving ( 19). 

Longitudinal correlation coefficients, 3, = k, k,/k2, that have been measured 
with the electrode arrangement shown in figure 1 (c) are plotted in figure 4. The 
distance between the electrodes x has been normalized by the longitudinal integral 
scale A,. As indicated in figure 4 the integral scale was of the order of 0.33 to 0.54 
pipe diameters. Slightly larger longitudinal scales were reported by Reiss & 

__ -  
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Hanratty using circular electrodes. However, it is believed the results shown in 
figure 4 are more reliable, since measurements could be made a t  smaller separa- 
tions and since improved methods for measuring correlation coefficients are 
presently being used. 

104 7 x  lo4 

Be 

FIGURE 3. Average mass-transfer measurements. 0, L/d  = 0.007; 
0, L / d  = 0.005; A, Lid  = 0.003; -0-, L / d  = 0.021. 

Measurements of the circumferential correlation coefficient obtained from the 
electrode arrangement in figure 1 (b )  are shown in figure 5. It is to be noted that 
the circumferential integral scale, A,, is only about one-thirtieth of the longi- 
tudinal scale. If the circumferential scale is normalized with respect to wall 
parameters, A,+ = A,.u,*/Y, it does not show as much variation with Reynolds 
number as when it is normalized with respect to the pipe diameter. In  fact, 

A,+ 11. (43) 

The circumferential integral scale is of the same magnitude as the region in 
which the average velocity profile is affected by molecular viscosity. 

The effect of non-uniform flow across an electrode is shown in figure 6, where 
the mass-transfer intensity is plotted for a fixed length of electrode for two 
different widths. It is seen that the intensity of the signal decreases as the width 
increases. This shows the averaging effect over the electrode surface. These 
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1 -0 

08 

0.6 
h 
H 

c, 
H 

0.4," 

0.2 

I I I 1 I I I 1 

L 
- 
:; 

a - 
- A 

A - 
an* 

A U  - mOA 

AA - .o* 
n o P o *  A 6 

I I I 0% I A l  1.0- 
P O A  

1.0 I 1 1 I I I 

- - 
0 08 - - 
A - 
8' 

- 
Q, 

vo 
0 6  -.I - 

h 

+ 
0 

$ - 

+. - 
A ' 0.4 -, b 

- -0- 

0 
0 2  - Av - 

- - 
$ A  

I I 1 AI' . p B o - - o .  ' 



A study of turbulence at a wall 211 

measurements have been corrected for non-uniform flow by (3) using the cor- 
relation measurements shown in figure 4. The open points in figure 6 indicate the 
corrected measurements. Good agreement is obtained between the two widths. 
It is to be noted that the effect of non-uniform flow is significant even for 
electrodes with widths as small as 0.03 in. 

0.2 

0.1 

0.01 
104 105 

Reynolds number, Re 

FIGURE 6. Mass-transfer intensities from electrodes with different widths. 

Wid Lld 

0 0.033 0.003 
A 0-062 0.003 

Corrected 

The spectral density function of the mass-transfer fluctuations, defined as 

- 
P'= som ~,(n) dn, (44) 

is plotted in figure 7. As has been pointed out by Reiss & Hanratty, normalization 
with bulk parameters U, and d does a better job of bringing together the data 
at different Reynolds numbers than does normalization with the wall parameters 
u* and v. It is found that the frequencies of the fluctuations are low : 

median frequency = 0.18 U,/d. (45) 

Mass-transfer intensities measured from electrodes with different lengths that 
have been corrected for non-uniform flow are shown in figure 8. It is seen that for 

14-2 
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the range displayed the electrode length is not affecting the intensity. Slightly 
larger lengths were used with the circular electrodes and, as would be expected 
from (37), the intensity decreases with the increase in length. 

6 x loo 

1 00 

10-1 

T3 
1 %  

I@ 

$ 10-2 
t 
v 

10-3 

10-4 

1 frequency 

m *  I 
A 

a ., 
0 

A 

b 

0 4  

a 

.I 

10-2 10-1 100 10' 

ndl UB 
FIGURE 7. Mass-transfer spectra functions. 

Lld  Re 

0 0.007 22,900 
0 0.007 10,500 
0 0.005 22,900 

L ld  Re 

0.005 10,500 
A 0.003 22,900 
A 0.003 10,500 

Velocity intensities calculated from (37), (3) and (4) are plotted in figure 9 for 
rectangular electrodes of three different lengths and for the circular electrodes 
with diameters of 0.0156 in. and 0.0252 in. The response function departs from 
the quasi-steady function by less than 6 yo for the three rectangular electrodes 
and by approximately 20 yo for the circular electrodes. The agreement among the 
different electrodes is within 3%. This gives support to the methods used to 
calculate the fluctuating velocity field from the mass-transfer measurements. It 
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FIGURE 8. Mass-transfer intensity at different lengths. 

Lld  Wld 
0 0.007 0.030 
0 0.005 0.030 
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lo5 
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FIGURE 9. Velocity intensity a t  the wall. 
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This limiting intensity appears to be independent of Reynolds number. It is 
considerably larger than the lower limit reported by Reiss & Hanratty. This 
improvement in the estimate arises from the accurate treatment of the effects of 
non-uniform flow and of the time response of the concentration boundary layer. 

.O 

0 
0. 

1 n P a  I I I I I I 

-024 -@16 -0.08 0.0 0.08 016 0.24 032 
kllK 

FIGURE 10. Amplitude distribution function of mass-transfer rate. 
0, Re = 10,500; 0,  Re = 25,000. 

Two amplitude distribution functions defined as 

F(Jc,/R) = [time (k/E < k,/E)]/total time (47) 

are shown in figure 10 for an electrode whose Lld and Wld ratios were 0.007 and 
0.035 respectively. Amplitude density functions of the velocity were calculated 
from these data by graphical differentiation and by application of the correction 
for non-uniform flow and the quasi-steady response function for the boundary 
layer. The quasi-steady response function was used because the departure of the 
response factor calculated for this electrode was less than 6 %. The density func- 
tion shown in figure 11 is slightly skewed toward the high-velocity side. The most 
interesting aspect of the results in figure 11 is that there are both positive and 
negative deviations from the mean of the same magnitude as the mean. It is not 
possible to tell whether there are occasional instantaneous velocities near the 
wall which are negative but the possibility is indicated by the data. 

An attempt has been made to calculate the frequency spectra for the velocity 
fluctuations from that for the mass-transfer fluctuations. Measurements of the 
circumferential length scale appear approximately independent of frequency over 
the range shown in figure 12. This study was limited to frequencies as high as 
30 CIS because for higher frequencies the signal-to-noise ratio on the tape recorder 
was too small. The frequency spectra for the velocity fluctuations have been 
calculated from the results in figure 8 using (36) and (3), with the correlation 
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coefficient assumed to be independent of frequency. Figure 13 presents the 
results. The results at  high frequencies must be regarded as tentative owing to 
the uncertainty of the accuracy of (36) and of the constancy of the circumferential 
scale at high frequencies. 

In  order to estimate the velocity fluctuations in the circumferential direction 
measurements were made with the electrode configuration shown in figure 1 ( d )  
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using electrodes with LId and W/d ratios of 0.005 and 0.050 respectively. The 
results are shown in table 1. The estimation of the velocity fluctuation in the 
circumferential direction does not seem warranted since it is not certain that the 
differences for the measurements at  different angles is significant. Nevertheless, 
unless the scale of the w-fluctuation is much smaller than that for the u-fluctuation 
it would seem that the w-velocity component is much smaller than the u-velocity 
component in the immediate vicinity of the wall. 

Finally, it should be pointed out that the results indicate two kinds of para- 
metric dependence. The velocity intensity, amplitude density function, and 
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circumferential integral scale are all independent of the Reynolds number when 
correlated by wall parameters u* and u. (Note that L? = u*"u.) On the other hand, 
the spectral density function and the longitudinal integral scale appear to depend 
upon bulk parameters such as the average velocity and the pipe diameter. 

0 
0 
0 

10' 

100 

10-1 

10-2 
10-2 10-1 1 OQ 

ndlg' 

FIGURE 13. Velocity spectra. 

Lld  Re Lid  Re 

0.007 22,900 0.005 10,500 
0.007 10,500 A 0.003 22,900 
0.005 22,900 A 0.003 10,500 

Reynolds 
number 

10,000 
10,000 
10,000 
25,000 
25,000 
25,000 

angle 

90" 
45" 

135" 
90" 
45" 

135O 

TABLE I 

intensity 
(G)%/K 

0.100 & 0.006 
0.105 & 0.006 
0.104 0.006 
0.103 & 0.006 
0.107 k 0-006 
0.107 f 0,006 
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8. Comparison of results with other measurements 
A comparison will now be made of the results of this research with other studies 

of turbulence close to a wall. 
Fluctuating velocities have been measured with the hot-wire anemometer by 

Laufer (1954) and Sandborn (1955) in pipes, by Laufer (1951) in a two-dimen- 
sional channel, and by Klebanoff (1954) and Grant (1958) in a boundary layer 
over a flat plate. The velocity fluctuations in the longitudinal direction have been 
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FIGURE 14. Local turbulent velocity intensities. 

Reference Re, Reference Re, 
0 Klebanoff 80,000 0 Laufer 1951 9,820 
0 Laufer 1954 20,300 A Laufer 1951 25,000 
A Laufer 1954 215,000 rn Laufer 1951 50,000 

normalized with respect to the local average velocity and plotted against y+ in 
figure 14. It is quite difficult from these measurements to establish the limiting 
value of the intensity as y++O. Nevertheless, it  does appear that the value of 
[(u”)4/V], = 0.32 obtained from this study is bracketed by the intercepts sug- 
gested by the hot-wire anemometer measurements. It is quite possible that the 
differences among the different sets of data shown in figure 14 are not real and 
merely indicate the accuracy of these measurements. All of these measurements 
are plotted using law-of-the-wall parameters in figure 15. The solid line represents 
the relationship between (2L”)*/u* and y+ in the neighbourhood of y+ = 0 calcu- 
lated from (46). It appears that this limiting relation describes the data to 
distances from the wall as far as yf = 7. 

The measurements of 2 by Laufer (1954) indicate that 2 is much smaller 
than 2 close to a wall. The results of table 1 seem to confirm this result. 
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One of the interesting results of the research reported in this paper and in the 
paper by Reiss & Hanra'tty (1963) is the extremely small circumferential scale. 
Whereas the longitudinal scale appears to be of the same magnitude as those 
reported for the central regions of the pipe, the circumferential scale is at least 
one order of magnitude smaller at  the wall than at the central regions (Hinze 
1959). 
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FIGURE 15. Dimensionless fluctuating velocity profile. 

Reference Re, Reference Re, 
o Klebanoff 80,000 0 Laufer 1951 9,820 
0 Laufer 1954 20,300 A Laufer 1951 25,000 
A Laufer 1954 215,000 H Laufer 1951 50,100 

The frequency spectra of the velocity fluctuations in the direction of flow at 
several values of y f  and of the pressure fluctuations on a transducer embedded 
at the wall (Harrison 1958) are compared with velocity spectra obtained from 
rectangular and circular electrodes in figure 16. The characteristic lengths and 
velocities that were used are as follows: for a pipe, the radius and the bulk- 
averaged velocity; for a channel, the half width and the bulk-averaged velocity; 
for a boundary layer, the thickness and the free-stream velocity. Although this 
choice of normalization parameters brings together the measurements with the 
hot-wire anemometer in the pipe, channel and boundary layer, there is consider- 
able difference between these and the measurements with the electrodes. The 
velocity spectral density functions a t  the wall contain smaller contributions in 
the high-frequency range than those reported at  other points within the viscous 
sub-layer. The reason for this change in the shape of the spectral density function 
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through the viscous sub-layer is not understood as yet. The shape of the spectral 
density function obtained from the electrodes appears to be close to that for the 
pressure fluctuations. However, the integral scales are quite different. 
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FIGURE 16. Comparison of spectra from the viscous sub-layer. 

Velocity spectra 

Reference Re, 
A Sanborn 20,300 
0 Laufer 1951 25,000 
o Klebanoff 80,000 
0 Reiss 
@ Mitchell 

Pressure spectra 

Y+ Reference UB (cmlsec) y+ 

2-72 A Harrison 1,500 Wall 
5.90 Harrison 3,000 Wall 
3.13 0 Harrison 6,000 Wall 

< 0.5 
< 0.5 

Scales of the pressure fluctuations a t  a wall have been measured by Willmarth 
& Wooldridge (1962). These show a much larger scale in the transverse direc- 
tion than do the velocity fluctuations. This would seem to indicate that the 
velocity field close to the wall may not be looked upon as a region which is not 
simply reacting to the pressure fluctuations. 

Runstadler, Kline & Reynolds (1963) have studied streak patterns at  the 
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wall resulting from dye injection into the boundary layer and have argued that 
the streaks near the wall are caused by regions of very low velocities. Support for 
this explanation is obtained from the amplitude distribution function (figure 1 l),  
which suggests the existence of velocities close to zero. Similar experiments to 
those performed by Runstadler, Kline & Reynolds have been carried out in the 
same system in which the electrode studies were performed. A dark plume of dye 
was formed on an electrode mounted flush to a wall by the electrochemical produc- 
tion of iodine in a starch solution. The same type streaks as had been noted by 
Runstadler, Kline & Reynolds were observed. The average distance between the 
streaks was estimated to be about z+ = 50. There is considerable uncertainty in 
how to count these streaks and the above figure must be regarded as only a rough 
estimate. It is close to the value z+ = 76.5 reported by Runstadler, Kline & 
Reynolds for boundary-layer flows. 

9. Linearized model of the wall region 
Sternberg (1961) has suggested a linearized model of the viscous sub-layer 

wherein the flow fluctuations are controlled by pressure fluctuations imposed 
from outside the sub-layer. The velocity fluctuations in the x-direction are 
represented by the equation 

au lap a2u 

at pax ax2* +v- - = - _ -  

The solution presented by Sternberg can be used to relate Fourier components 
of the pressure and velocity fluctuations at the wall 

3 = (c”u)/(p”). (49) 
The results reported in this paper do not support the model proposed by 
Sternberg. The scale of the velocity field in the circumferential direction is much 
smaller than that for the pressure field. In  addition, equation (49) would indicate 
that the magnitudes of the measured pressure fluctuations are not large enough 
to account for the measured 3. 

It would appear that in a layer near the wall in which (48) is valid the velocity 
fluctuations are the result of shear fluctuations imposed upon the layer from the 
fluid outside. Likewise, it  would appear that there is no region close to the wall 
in which au/at z - ( l /p)  (aplax). If a linearized model is to describe some aspects 
of the flow close to a wall, then the complete linearized equations must be used 
and the hypothesis that the flow field in the viscous sub-layer is directly related 
to fluctuating pressure field must be disregarded. 

Such an analysis has been carried out and is reported in a thesis by one of the 
authors (Mitchell 1965). However, although agreement is obtained between some 
aspects of the measurements reported in this paper and these calculations the 
assumptions made are questionable enough that it does not seem appropriate to 
present them without further work. 
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